Abstract-The objective of this research has been devoted to solve linear fuzzy fractional differential equations (FFDEs) of the Caputo sense. The basic idea is to develop a fractional linear multistep method for solving linear FFDEs under fuzzy fractional generalized differentiability. For safely illustrating the advantages and potential of the presented method, a comparison with the fractional Euler method has to be analyzed in depth. We are interested in using a simple method to obtain gripping results.
I. INTRODUCTION
In the lea of fractional differential equations (FDEs) and fractional calculus,the prevalent progress has been presumed in recent past. Prominent use of various projects which are mold by fractional order differential equations,lie in the lea of electromagnetic waves,ion-acoustic wave,bio-informatics,nanotechnology,viscoelasticity,chemical engineering,mechanical engineering, electrodeelectrolyte polarization, heat conduction, diffusion equations and almost every part of science and technology [1] - [5] . The solution techniques and their reliability are more important aspects than modeling dimensions of such type of differential equations.It is very essential to strut critic facts that procreate emergent divergence,bifurcation and convergence of the solutions of that model [6] - [12] .
In the recent years, following the Agarwal et al.'s paper [13] which was presented the conception of solutions for fractional differential equations with uncertainty, the theoretical and numerical aspects of fuzzy fractional differential equations (FFDEs) have been studied by some authors such [14] - [19] and [20] - [28] .
Lubich [29] was a pioneer to introduce fractional linear multistep methods (FLMMs) and investigate the consistence, convergence and stability properties of the method. The significant outcome of this research was an extension of the Dahlquist's convergence theorem for the fractional cases. FLMMs are based on the approximation of the integral part of the Volterra integral equation, which is equivalent with the original FDE, by means of the discrete convolution quadrature (e.g. see [12] , [30] ). In the sense of the numerical approach for the solution of ordinary differential equations , multistep methods depict one of the most used and studied class of numerical methods. The wide demand of multistep methods is mostly due to their good stability properties, acceptable computational cost and low complexity.
Regarding to the above circumstances, a lot of efforts have been devoted to develop multistep methods to FDEs; certainly the presence of a persistent memory, and the resultant increase of the computational effort needed for evaluating the solution away from the origin, requires the development of effective algorithms. As it was stated above, a few numerical methods for FFDEs have been presented in the literature. Therefore, the main goal of this study is to develop an easy implemented fractional linear multistep method (FLMM) of order 2, discussed in [12] , [30] , for FFDEs and investigate the error analysis of the method for solving this type of FDEs. This paper is constructed as follows: In Section 2, the basic definitions of the fuzzy sets and fuzzy Caputo fractional derivative for fuzzy functions are recalled. In Section 3, we develop the FLMM solution method for FFDEs under the Caputo generalized Hukuhara differentiability. A test problem will be solved in Section 4 by FLMM to demonstrate the accuracy and validity. Finally, some conclusions are drawn.
II. PRELIMINARIES
In this part, some preliminaries related to fuzzy settings theory and fractional differential equations are provided. For more details see [32] , [33] and [14] .
Let R be a set of real number. We recall that a fuzzy number represents a mapping ω : R → [0, 1] fulfilling following properties: (a) ω is upper semi-continuous, (b) ω is fuzzy convex, i.e., ω(λx + (1 − λ)y) ≥ min{ω(x), ω(y)} for all x, y ∈ R, λ ∈ [0, 1], (c) ω is normal, i.e.,∃x 0 ∈ R for which ω(x 0 ) = 1, (d) supp ω = {x ∈ R | ω(x) > 0} is the support of the ω, and its closure cl(supp ω) is compact.
Let F be the set of all fuzzy number on R. The r-level set of a fuzzy number u ∈ F, 0 ≤ r ≤ 1, denoted by [ω] r , is defined as
We notice that the r-level set of a fuzzy number is a closed and bounded interval [ω(r), ω(r)], where ω(r) is the left-hand endpoint of [ω] r and ω(r) represents the right-hand endpoint
The Hausdorff distance between fuzzy numbers is given by
. Then, it is easy to see that H is a metric in F and has the following properties (see for example [34] )
The H-derivative (differentiability in the sense of Hukuhara)for fuzzy-set-valued functions was at first established by Puri and Ralescu in [34] and it is based on the H-difference of fuzzy sets, as follows.
Definition 2.1: Let x, y ∈ F. If there exists z ∈ F such that ω = µ + γ, then γ is called the H-difference of ω and µ, and it is denoted by ω µ. It is worth noting that the sign " " always arises for Hdifference, and also, ω µ = ω + (−1)µ.
Let us recall the definition of strongly generalized differentiability introduced in [37] . Definition 2.2: Let ξ : (a, b) → F and x 0 ∈ (a, b). We say that ξ is strongly generalized differential at x 0 , if there exists an element ξ (τ 0 ) ∈ F, such that (i) for all h > 0 sufficiently small, ∃ξ(τ 0 + h) ξ(τ 0 ), ∃ξ(τ 0 ) hξ(τ 0 − h) and the limits (in the metric H)
and the limits (in the metric H)
) and the limits (in the metric H)
Before proceed, we express C( 
(II.1) Let us assume the r-cut depiction of fuzzy-valued function ξ as ξ(x, r) = ξ(x, r), ξ(x, r) , for 0 ≤ r ≤ 1, then it is indicated that the Riemann-Liouville integral of fuzzy-valued function ξ is based on the lower and upper functions as follows:
Theorem 2.1: (see, [14] ). Now, the fuzzy Caputo fractional derivatives about order 0 < β ≤ 1 for fuzzy-valued function ξ was defined by Salahshour et al. [14] . Definition 2.4: (see, [14] ). Let ξ ∈ C ([a, b], F)∩L([a, b] , F) be a fuzzy set-value function, then ξ is a Caputo fuzzy Hdifferentiable at x when:
where 0 < β ≤ 1; then, we say f is 
III. FRACTIONAL MULTI-STEP METHOD
In this section, at first we present the general form of FLMM that we propose to achieve the numerical solution of the fuzzy initial value problems with fuzzy fractional Caputo derivatives. Then, the method in the case of order 2 is developed for the linear FFDEs. In this regards, we consider the following fuzzy linear fractional relaxation-oscillation problem as:
where Y 0 is a fuzzy initial vector condition, B is relaxation coefficient and β ∈ (0, 1]. The above problem is equivalent to the following fuzzy Volterra integral equation under
and under C [(2) − β]-differentiability, we have
FLMMs in a more general formulation can be written as:
where p is an integer fixed a priori. Because of the fact that the last previous p values f (t n−j , y n−j ), j = 1, ..., p of the valued-function f (., .) are exploited in the evaluation of each approximation y n , methods (III.6) were named p-fractional linear multistep methods (p-FLMMs) [30] .
We are confined with the p-FLMMs where weights α j are determined as in the backward fractional Euler method and weights γ j are picked up in a suitable way in order to accomplish some consistency and stability conditions. Thus, we will consider p-FLMMs in the following form w j = b n that b n is defined explicitly as
, n ≥ 1,
in which α j are the coefficients inherited from the class of same methods has been proposed in ODEs as
In [31] some explicit p-FLMMs were represented and their order and stability conditions have been derived. We here extended the method of order 2 for solving linear FFDEs. So, the method is as follows:
These methods are order-optimal in the sense that they are explicit p-FLMMs of order p with the smallest number of steps p. Considering the pages limitation, the stability and convergence conditions are left here and be explained in the future scientific reports. Proposition 3.1: (see, [30] ). The interval of stability of the 2-FLMMs (III.4) of order 2 is given by − 2 β 3−β < h β λ < 0.
IV. NUMERICAL CASE
In this part, the proposed method in Section 3 is experienced with a linear FFDE under Caputo-fuzzy fractional differentiability. Also, to confirm the applicability and validity of the method, it is compared with the fractional Euler method presented in [25] . It is worth noting that we have employed a uniform discrete plan t j = jh, j = 0, 1, ..., n and T = nh, where T is the final time.
Let us Consider the fractional oscillation equation with fuzzy initial conditions as: Regarding the Definition ?? Case (i) and Theorem 2.1, the parametric form of (IV.8) can be obtained as:
and 1.822e-3 2.086e-3 2.344e-3 0.5 1.838e-3 2.097e-3 2.352e-3
1.823e-3 2.087e-3 2.345e-3 0.6 1.836e-3 2.096e-3 2.352e-3
1.825e-3 2.088e-3 2.346e-3 0.7 1.835e-3 2.095e-3 2.351e-3
1.826e-3 2.089e-3 2.346e-3 0.8 1.833e-3 2.094e-3 2.350e-3
1.828e-3 2.090e-3 2.347e-3 0.9 1.832e-3 2.093e-3 2.349e-3
1.829e-3 2.091e-3 2.348e-3 1 1.830e-3 2.092e-3 2.349e-3 1.830e-3 2.092e-3 2.349e-3
It should be mentioned that, the precision of the method is illuminated by calculating the absolute errors, E(t, r) = |y The absolute errors of the method for the different values of the fractional derivative was graphed in Fig.1 for the final time step T = 1 which was illustrated with more details in Table  1 . Also, a comparison with the method in [25] for β = 0.95 was made in Fig. 2 . Finally, the approximate fuzzy solution was depicted in Fig.3 for β = 0.95 over t = [0, 1] . Form the fig. 3 , one can conclude the approximate solution is a fuzzy number over the assumed interval [0, 1].
V. CONCLUSION
In the present work we have conducted the FLMM for the solution of linear FFDEs as an acceptable method for presenting the numerical schemes in this area. Corresponding interpretations were formerly remarked in [30] , [31] solving linear multi-Term FDEs. In those papers, the methods explained in [31] was generalized together with a method discussed in [29] for the resulting approximate fuzzy solution.
